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Dynamics of expansion of the Universe
in model with the additional coupling
between dark energy and dark matter
R. Neomenko∗, B. Novosyadlyj†, O. Sergijenko‡
Astronomical Observatory of Ivan Franko National University of Lviv,
Kyryla i Methodia str., 8, Lviv, 79005, Ukraine
We study the dynamics of expansion of the homogeneous isotropic Universe and the evolution
of its components in the model with nonminimally coupled dynamical dark energy. Dark energy,
like the other components of the Universe, is described by the perfect fluid approximation with
the equation of state (EoS) pde = wρde, where the EoS parameter w depends on time and is
parameterized via the squared adiabatic sound speed c2a which is assumed to be constant. On basis
of the general covariant conservation equations for the interacting dark energy and dark matter and
Einstein equations in Friedmann-Lemaitre-Robertson-Walker metric we analyze the evolution of
energy densities of the hidden components and the dynamics of expansion of the Universe with two
types of interaction: proportional to the sum of densities of the hidden components and proportional
to their product. For the first interaction the analytical expressions for the densities of dark energy
and dark matter were obtained and analyzed in detail. For the second one the evolution of densities
of hidden components of the Universe was analyzed on basis of the numerical solutions of their
energy-momentum conservation equations. For certain values of the parameters of these models the
energy densities of dark components become negative. So to ensure that the densities are always
positive we put constraints on the interaction parameter for both models.
Keywords: nonminimally coupled dark energy, dynamics of expansion of the Universe
Introduction
The discovery of accelerated expansion of the Universe
has led to the emergence of various hypotheses that ex-
plain this phenomenon. It is believed that the accelera-
tion is caused by some unknown component of the Uni-
verse, which has a positive energy density and negative
pressure. This component is called dark energy. There
are various models of dark energy, the simplest of which
is the model with the constant energy density and pres-
sure, which is described by the cosmological constant Λ
in Einstein equations. More complex are the models of
dynamical dark energy, in which the parameters depend
on time. This type includes different models of a scalar
field. To describe the dark energy as well as other compo-
nents of the Universe the model of perfect fluid is often
used. Some models assume the additional interaction
of dark energy with other components, which is beyond
known 4 physical interactions – electromagnetic, strong,
weak and gravitational [1–9]. Since such impact of dark
energy on baryon matter or radiation is not experimen-
tally registered, it is obvious that it is either too weak or
absent at all. There are currently no direct experimental
constraints on its action on dark matter, since both these
components are detected by their gravitational influence
on the baryonic matter at cosmological scales. Therefore,
in this paper we analyze the effect of the additional inter-
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action of dark energy and dark matter on the dynamics
of expansion of the Universe and deduce the constraits
on the parameter of such interaction on basis of the null
energy condition.
In the considered model of dynamical dark energy the
pressure and energy density of dark energy are related via
the time-dependent parameter of the equation of state
(EoS) w as follows: pde = wρde. Different works propose
different dependences of the EoS parameter on time. We
parametrize the evolution of w by the square of the adi-
abatic sound speed c2a ≡ p˙de/ρ˙de, where the dot denotes
the derivative on time. Such model for the minimally
coupled (non-interacting) dark energy was proposed and
studied in [10–14], observational constraints on its pa-
rameters were obtained in [15, 16].
In this paper we consider the evolution of dark en-
ergy and dark matter, which are coupled with each other
by the gravitational and non-gravitational (fifth) inter-
actions, and their influence on the dynamics of expan-
sion of the homogeneous isotropic Universe. The math-
ematical basis of this work is the conservation equations
and Einstein equations in the Universe with Friedmann-
Lemaitre-Robertson-Walker metric. We consider 2 types
of the interaction depending on the energy densities of
both dark components: proportional to the sum of dark
energy and dark matter densities and proportional to the
product of their densities.
2I. MODEL OF THE NONMINIMALLY
COUPLED DARK ENERGY
We consider the homogeneous isotropic Universe
with the Friedmann-Lemaitre-Robertson-Walker space-
time metric, which in conformal form in spherical coor-
dinates has the form:
ds2 = gikdx
idxk =
= a2(η)[dη2 − dr2 − r2(dθ2 + sin2 θdϕ2)], (1)
where gik is the metric tensor, a(η) is the scale factor
describing expansion of the Universe. The conformal
time η is related to the physical cosmological time t as
cdt = a(η)dη, where c is the speed of light. The 3-space
of the Universe with the metric (1) is euclidean, that is, a
space with zero curvature. We assume that in the mod-
ern epoch a(η0) = 1. We describe each component of the
Universe (dark energy (de), dark matter (dm), baryonic
(b) and relativistic matter (r) – relic radiation and relic
neutrinos) by the perfect fluid approximation in which
the energy-momentum tensor is as follows:
T ki(N) = (c
2ρ(N) + p(N))ui(N)u
k
(N) − p(N)δki , (2)
where ρ(N) is the density of N component, p(N) is its
pressure, ui(N) is the 4-vector of velocity. The equa-
tion of state for each of the components is as follows:
p(N) = w(N)ρ(N). Then from Einstein equations and con-
servation laws for the interacting dark energy and dark
matter we obtain such equations for the dynamics of ex-
pansion of the Universe:
H2 =
8πG
3
∑
N
ρ(N), (3)
qH2 =
4πG
3
∑
N
(ρ(N) + 3p(N)), (4)
where H ≡ (1/a)da/dt = a˙/a2 is the Hubble parameter,
q ≡ −[1/(aH2)]d2a/dt2 = −a¨/(a3H2) + 1 – the deceler-
ation parameter (hereafter (˙) ≡ d/dη). The differential
energy-momentum conservation law T k0;k = 0 for dark
components gives the equations describing the evolution
of their densities:
ρ˙de + 3
a˙
a
ρde(1 + w) = J0, (5)
ρ˙dm + 3
a˙
a
ρdm = −J0, (6)
where the function J0 describes the coupling of dark com-
ponents and has the dimension of energy density per unit
of time. Here and below wde ≡ w and wdm = 0.
For the baryonic and relativistic components in the
post-recombination epoch these equations with J0 = 0
and wb = 0 or wr = 1/3 give the well-known dependences
for energy densities of these components: ρb(a) = ρ
(0)
b a
−3
and ρr(a) = ρ
(0)
r a−4, here and below (0) denotes the
current value (a(η0) = 1).
For models with the nonminimally coupled dark en-
ergy it is usually assumed that w = const. In this pa-
per, as in the previous one [17], we consider the non-
minimally coupled dynamical dark energy with the gen-
eralized linear barotropic equation of state for which
c2a ≡ p˙de/ρ˙de = const [10, 18, 19]. From this condition
and (5) we obtain the equation for w(a):
dw
da
=
3
a
(1 + w)(w − c2a)−
J0
ρdea2H
(w − c2a). (7)
To describe the dynamics of expansion of the Universe
and the evolution of densities of its components it is nec-
essary to solve the system of equations (3), (5), (6), (7).
The relation between ρde and w follows from the defini-
tion c2a ≡ p˙de/ρ˙de = const:
w = c2a +
ρ
(0)
de (w0 − c2a)
ρde
. (8)
In this paper we consider the interaction between dark
energy and dark matter (hereafter DE-DM interaction)
proportional to the Hubble parameter H and depending
only on the energy densities of both dark components
J0 = aHf(ρde, ρdm). We consider 2 types of such in-
teraction: proportional to the sum of dark components
densities and proportional to their product:
J0 = −3ξaH(ρde(a) + ρdm(a)), (9)
J0 = −3ǫaH ρde(a)ρdm(a)
ρ˜
, (10)
where ρ˜ has the dimension of energy density and may be
constant or time dependent and ξ and ǫ are dimension-
less coupling parameters assumed to be constant. We
study the interaction (9) due to the simplicity of obtain-
ing analytical expressions for the energy densities of dark
components, and the nonlinear interaction (10) is inter-
esting because such its type is quite common in nature
and is more realistic than linear interactions of type (9)
or investigated in [17].
II. DE-DM INTERACTION PROPORTIONAL
TO THE SUM OF DARK ENERGY AND DARK
MATTER DENSITIES
Using (8) the equations (5), (6), (7) for interaction (9)
can be reduced to the system of 2 ordinary differential
equations:
dρde
da
= −3
a
(1 + c2a + ξ)ρde −
3
a
ξρdm −
−3
a
ρ
(0)
de (w0 − c2a), (11)
dρdm
da
=
3
a
ξρde − 3
a
(1− ξ)ρdm, (12)
which has the exact analytical solution:
3Figure 1: Influence of the coupling parameter ξ on dependences of the EoS parameter w and the densities of dark energy and
dark matter ρde, ρdm on a. Left –quintessence (w0 = −0.85, c
2
a = −0.5), right – phantom (w0 = −1.15, c
2
a = −1.25). Here
Ωde = 0.7, Ωdm = 0.25, Ωr = 4.17 · 10
−5/h2, h ≡ H0/100 km·
−1
·Mpc−1=0.7.
ρde = 3C1ξa
− 32 (2+c
2
a
)+ 32
√
c2
a
(c2
a
+4ξ) +
3
2
C2(c
2
a + 2ξ +
√
c2a(c
2
a + 4ξ))a
− 32 (2+c
2
a
)− 32
√
c2
a
(c2
a
+4ξ) −
− (1− ξ)ρ
(0)
de (w0 − c2a)
1 + c2a(1− ξ)
, (13)
ρdm = −3
2
C1(c
2
a + 2ξ +
√
c2a(c
2
a + 4ξ))a
− 32 (2+c
2
a
)+ 32
√
c2
a
(c2
a
+4ξ) − 3C2ξa− 32 (2+c
2
a
)− 32
√
c2
a
(c2
a
+4ξ) −
−ξρ
(0)
de (w0 − c2a)
1 + c2a(1− ξ)
, (14)
C1 = − 1
3
√
c2a(c
2
a + 4ξ)
[
ρ
(0)
dm + ξρ
(0)
de
2(1 + w0 − ξc2a) + (w0 − c2a)(c2a +
√
c2a(c
2
a + 4ξ))
(1 + c2a(1− ξ))(c2a + 2ξ +
√
c2a(c
2
a + 4ξ))
]
,
C2 =
1
3
√
c2a(c
2
a + 4ξ)

ρ(0)de 1 + w0(1− ξ)1 + c2a(1− ξ) + 2ξ
ρ
(0)
dm +
ξρ
(0)
de
(w0−c
2
a
)
1+c2
a
(1−ξ)
c2a + 2ξ +
√
c2a(c
2
a + 4ξ)

 .
From (13), (14) we see that in absence of the interaction
(ξ = 0) these expressions turn into the well-known ones
for the densities of dark components in the minimally
coupled case [10]:
ρ
(mc)
de (a) = ρ
(0)
de
(1 + w0)a
−3(1+c2
a
) − w0 + c2a
1 + c2a
, (15)
ρdm = ρ
(0)
dma
−3. (16)
The density of dark matter during the expantion of
the Universe is always positive decreasing function. The
density of dark energy is always positive function when
c2a > w0 for quintessence (for w0 > −1 it is the monoton-
ically decreasing function of a) and c2a < w0 for phantom
4Figure 2: Influence of the coupling parameter ξ on dependences of the Hubble parameter H and the deceleration parameter q
on a. Left – model with quintessence, right – with phantom. Cosmological parameters are the same as in Fig. 1.
(for w0 < −1 it is the monotonically increasing function
of a).
The introduction of additional interaction expands
substantially the choice of possibilities for evolution of
both components. For ξ 6= 0 and certain values of the
parameters w0, c
2
a, ρ
(0)
de , ρ
(0)
dm the energy density of both
dark energy and dark matter may become negative dur-
ing a certain period of evolution of the Universe or oscil-
late with the change of sign. We consider this behavior
of densities to be unphysical and find the range of values
of the interaction parameter for which values of the den-
sities of dark matter and dark energy are always positive
monotone functions of the scale factor a.
First of all, it is known that the set of observational
data on the cosmic microwave background anisotropy
and the large scale structure of the Universe prefers the
close to (16) law of the dark matter density change in the
past (e.g., [10–16]). From the analysis of expressions in
the exponents of a in (14) first condition for the coupling
parameter follows:
|ξ| ≪ 1
2
. (17)
The range of values of the parameter ξ, for which
ρdm(a) ≥ 0 and ρde(a) ≥ 0 for 0 ≤ a ≤ ∞, can be
found either from the analysis of expressions (13)-(14) or
from the analysis of stability of equations (11) and (12)
by the method of critical points [20] in the phase space
(ρde, ρdm). Both approaches constrain the range of values
of ξ to positive ones:
ξ ≥ 0. (18)
This condition for coupling (9) was expected due to the
analysis [17] for this kind of interaction.
The condition for absence of oscillations is obtained
from the requirement of inequality of the expressions un-
der radicals in the exponents of a in (13)-(14):
ξ ≤ −c
2
a
4
. (19)
We see that for c2a < 0, c
2
a > −1/(1− ξ) the
dark energy density is the monotonically decreasing
function a with asymptotes ρde → ∞ when a → 0
and ρde → (ξ − 1)ρ(0)de (w0 − c2a)/[1 + c2a(1− ξ)] when
a → ∞. The dark matter density in the case of
ξ 6= 0 has such asymptotes when a → ∞: ρdm →
−ξρ(0)de (w0 − c2a)/[1 + c2a(1− ξ)]. The dark energy den-
sity has decreased by this value. That is, the coupling
(9) results in pumping of the energy density from dark
energy to dark matter. When a → 0 the asymptote of
ρdm is close to (16).
If c2a < 0, c
2
a < −1/(1− ξ) then the density of dark
energy is a function of a which varies nonmonotonically
with asymptotes ρde → ∞ when a → ∞ and ρde → ∞
when a → 0. The density of dark matter in model of
the Universe with such dark energy varies according to
the same law. In the current and past epochs the de-
pendence of densities of the dark components on a is
decreasing and close to (16). However, in the future de-
creasing of the dark energy and dark matter density will
stop and they will start to grow with growth of the ex-
pansion rate of the Universe. Thus, in the case of this
dark energy model with additional coupling to dark mat-
ter (9) the Big Rip singularity is approached along with
a catastrophic increase in the density of dark matter.
In Fig. 1 the dependences of the EoS parameter w
and the densities of dark energy and dark matter ρde,
ρdm calculated on basis of (8) and (13)-(14) for cosmo-
logical models with Ωde = 0.7, Ωdm = 0.25, Ωb = 0.05,
5Figure 3: Influence of the coupling parameter ǫ on dependences of the EoS parameter w and the dark energy and dark matter
densities ρde, ρdm on a. Left –model with quintessence (w0 = −0.85, c
2
a = −0.5), right – with phantom (w0 = −1.15,
c2a = −1.25). Cosmological parameters are the same as in Fig. 1.
Ωr = 4.17 · 10−5/h2 (h ≡ H0/100 km·−1·Mpc−1=0.7)
and different values of the coupling parameter ξ for
quintessence (w0 = −0.85, c2a = −0.5) and phantom
(w0 = −1.15, c2a = −1.25) are shown. The case with
ξ < 0 illustrates the change of signs of the dark energy
and dark matter densities. In the case of phantom dark
energy it is also shown that for large values of the cou-
pling parameter, with violation of the condition (17), the
solutions (13)-(14) give negative values of the dark en-
ergy and dark matter densities. Presented dependences
show that the evolution of densities ρde, ρdm in the past
is sensitive to the value of coupling parameter ξ.
In Fig. 2 the dependences of the Hubble parameter
H and the deceleration parameter q are shown for the
cosmological models with quintessence and phantom with
the same parameters as in Fig. 1. We see that in the
model with quintessence with the coupling parameters
ξ = −0.1, 0, 0.1, 0.125 H →∞, q → 1 when a→ 0 and
H →
[
−ρ(0)de (w0 − c2a)/(1 + c2a(1− ξ))
]1/2
, q → −1 when
a → ∞. For phantom dark energy with the coupling
parameters ξ = −0.1, 0.1 H → ∞, q → 1 when a → 0
and H →∞, q → 1/2+3c2a/2+3ξc2a/[c2a+
√
c2a(c
2
a + 4ξ)]
when a → ∞. For the model without interaction ξ =
0 the asymptotes are the same, but q → 1/2 + 3c2a/2
when a → ∞. For the model with coupling parameter
ξ = 0.25 H → −∞, q → +∞ when a → ∞. So we
see that there is a fundamental opportunity to detect
an additional interaction between dark components using
precision measurements of the Hubble and deceleration
parameters.
III. DE-DM INTERACTION PROPORTIONAL
TO THE PRODUCT OF DARK ENERGY AND
DARK MATTER DENSITIES
Let us now consider the dynamics of expansion of the
Universe and the evolution of densities of dark energy
and dark matter with the interaction proportional to the
product of their energy densities (10). In this case the
equations (5), (6), (7) using (8) are reduced to the system
of 1st order ordinary differential equations:
dρde
da
= −3
a
(1 + c2a)ρde −
3ǫ
aρ˜
ρdeρdm−
6Figure 4: Influence of the coupling parameter ǫ on dependences of the Hubble parameter H and the deceleration parameter q
on a. Left – model with quintessence, right – with phantom. Cosmological parameters are the same as in Fig. 1.
−3
a
ρ
(0)
de (w0 − c2a), (20)
dρdm
da
= −3
a
ρdm +
3ǫ
aρ˜
ρdeρdm. (21)
The product of densities of the dark components in this
interaction is divided by ρ˜ so that the interaction (10)
has the correct dimension.
We can choose ρ˜ as follows:
ρ˜ = ρcr = 3H
2
0/8πG, (22)
ρ˜ = 3H2/8πG, (23)
ρ˜ = ρde + ρdm. (24)
It should be noted that for the model (22), even for
very small ǫ, due to the quadraticity with respect to den-
sity, the interaction grows faster than the growth of den-
sities of the dark components. Therefore, for ρde, ρdm
comparable with ρ˜/ǫ the interaction is very large lead-
ing to the strong increase in the rate of pumping of the
energy density from one dark component to the other,
hence, the strong deviations in the evolution of densities
of the dark components and the dynamics of expansion of
the Universe from the model without interaction. Only
for |ǫ| ≪ 1, when a is approaching 1, the evolution of
densities of the dark components becomes close to the
non-interacting case.
Since in the matter and dark energy dominated epocs
the contribution of densities of the baryonic and rela-
tivistic components in the denominator ρ˜ of model (23)
is small and in the radiation dominated epoch the main
contribution to dynamics of expansion comes from the
energy density of relativistic component, the expansion
dynamics in models of the nonlinear interaction (23) and
(24) is similar during the whole evolution of the Universe.
Henceforth we consider only the interaction (23). Due
to the lack of exact analytical solutions, we integrate
the system of equations (20)-(21) numerically using the
Runge-Kutta method implemented in the code dverk.f
[21] which is publicly available. The results are presented
in Fig. 3 showing the dependences of w, ρde and ρdm on
a for the same values of cosmological parameters as in
the previous section.
For the interaction with (23) the rapid growth of prod-
uct of ρde and ρdm with the growth of these densities is
compensated by the growth of ρ˜. For small ǫ the be-
havior of densities of the dark components is slightly dif-
ferent from the non-interacting model. Only for a very
large ǫ the nonlinearity of this interaction manifests it-
self. In Fig. 3 we see that for ǫ = −0.4, 0, 0.4, 0.8
the dark energy with parameters w0 = −0.85, c2a =
−0.5 is quintessence and with parameters w0 = −1.15,
c2a = −1.25 is phantom. When ǫ = −0.4 the density of
quintessence in the early epoch is negative.
As in the case of minimally coupled dark energy (ǫ = 0)
[10, 12], when ǫ = −0.1, 0.01, 0.1 the density of dark en-
ergy during expansion of the Universe becomes negative if
w0 > c
2
a for quintessence (w0 = −0.85, −1 < c2a < −1/3)
and w0 < c
2
a for phantom (w0 = −1.25, −2 < c2a < −1).
For the same cosmological parameters in Fig. 4 it is
shown how the interaction (10) affects evolution of the
Hubble parameter H and the deceleration parameter q.
For this model with small |ǫ| the influence of interaction
on the dynamics of expansion of the Universe is small.
In general, for the quintessence with w0 = −0.85,
c2a = −0.5 and ǫ ≤ −0.212 the density of dark energy
in the past at a ≥ 10−5 was negative and the transition
to positive values occurs the later, the larger |ǫ| is: when
ǫ = −0.212, ρde becomes positive at a ≃ 0.001, and when
ǫ = −1, it becomes positive only at a = 0.439. For larger
7values of the coupling parameter (−0.212 < ǫ ≤ 1) the
densities of dark energy and dark matter are positive for
all a from 10−5 to 105. For the phantom dark energy with
w0 = −1.15, c2a = −1.25 ρde and ρdm are positive for all
ǫ from -1 to 1 and a from 10−5 to 105. The total density
of the Universe is positive for all values of the coupling
parameter from -1 to 1 and the scale factor from 10−5 to
105 for both quintessence and phantom.
Conclusions
In this paper we have analyzed the model of dynamical
nonminimally coupled dark energy with EoS parameter-
ized by the value of adiabatic sound speed in the homo-
geneous and isotropic Universe. Two types of the inter-
action between dark energy and dark matter depending
on the densities of both dark components are considered:
proportional to the sum of densities of the dark com-
ponents and to their product. In both cases for certain
parameters the energy densities of dark components may
become negative. For the first type of interaction it has
been determined that this occurs for a negative value of
the coupling parameter. It is also shown that the cou-
pling parameter should be≪ 0.5 for consistency with the
observational data. For the second type of interaction it
has been found that for quintessence with the coupling
parameter . −0.2 the density of dark energy was nega-
tive at the early stages of evolution of the Universe, while
for phantom it remains positive throughout the evolution
of the Universe for the values of coupling parameter from
-1 to 1. In general, in this case for the small absolute val-
ues of coupling parameter the dynamics of expansion of
the Universe in the past is close to the expansion dynam-
ics in the model with minimally coupled dark energy.
Thus, for both considered types of the interaction be-
tween dark energy and dark matter (9), (10) there is a
range of values of the dimensionless coupling parameter,
for which the dynamics of expansion of the Universe does
not contradict the observational data. Whether the value
of this parameter is zero – no interaction – or not – there
is an additional interaction – can be determined by com-
paring the predictions of different models with the cor-
responding observational data that are sensitive to such
interaction. The search for tests for distinguishing be-
tween the minimally coupled models of dark energy and
models with the additional interaction is an important
task of modern cosmology.
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